Hodge Structure on Symplectic Manifolds  by Yan, Dong
File: 607J 154801 . By:CV . Date:12:06:96 . Time:09:51 LOP8M. V8.0. Page 01:01
Codes: 3869 Signs: 2155 . Length: 50 pic 3 pts, 212 mm
Advances in Mathematics  AI1548
advances in mathematics 120, 143154 (1996)
Hodge Structure on Symplectic Manifolds
Dong Yan
Institute for Mathematical Sciences, SUNY, Stony Brook, New York 11794
Introduction
J. Brylinski introduced in [B] the notion of symplectic harmonic forms.
Further he conjectured that on a compact symplectic manifold, every de
Rham cohomology class contains a harmonic representative. Brylinski’s
conjecture is equivalent to the question of the existence of a Hodge decom-
position in the symplectic sense. (The uniqueness of the decomposition in
this case is evidently not true.) Olivier Mathieu disproved Brylinski’s con-
jecture in [M]. In fact, he showed the following theorem, which applies to
any symplectic manifold.
Theorem 0.1. Let (M2m, |) be a symplectic manifold with dimension
2m. Then the following two assertions are equivalent:
1. Any cohomology class contains a harmonic cocycle.
2. For any km, the cup product [|]k : H m&k(M)  Hm+k(M) is
surjective.
Mathieu’s theorem is a generalization of the Hard Lefschetz Theorem for
compact Ka hler manifolds. His proof involves the representation theory of
quivers and Lie superalgebras. In this note we shall give a simpler, more
direct, proof of this fact. our proof follows the idea of the standard proof
of the Hard Lefschetz Theorem (see [G]). we study a special type of
infinite dimensional sl(2)-representation1 which we call an sl(2)-module of
finite H-spectrum. Then we apply the results of our study to the space of
differential forms on M and its subspace of symplectic harmonic forms.
As an application of our approach, we shall give a solution to a question
(see section 4) raised by B. Khesin and D. Mcduff. The question, according
to B. Khesin, is probabily related to group-theoretical hydrodynamics and
geometry of diffeomorphism groups.
In the first section, we study various operators and their relations on the
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standard results on sl(2)-representations; in particular we introduce the
notion of sl(2)-module of finite H-spectrum. In section 3, we give a proof
of the main theorem. Section 4 is devoted to an application.
It is not hard to see that the above result can be generalized to de Rham
cohomology with coefficients in any flat vector bundle over M using
exactly the same method as shown in this paper. For further generalization,
see [Y].
1. Operators on 0*(M )
Let 0*(M ) be the space of differential forms on M. We choose the
2m-form vM=|mm ! as a volume form on M. We define the (symplectic)
V-operator as follows:
V : 0k(M )  02m&k(M)
satisfying ; V :=k(G)(;, :)vM , for all :, ; # 0k(M ), where G is the
skew-symmetric bivector field dual to |. An easy consequence is that
V V=Id.
In canonical local coordinates we have















We define d*: 0k(M)  0k&1(M) to be d*=(&1)k V d V . It is clear
that d* is the coboundary operator of the canonical complex introduced in
[B]. So we have
d*=d b i(G)&i(G) b d=[d, i(G)]. (1)
By the definition of d* we have that d* b d*=0. We define
L: 0k(M)  0k+2(M )
L(:)=| 7 :.
Since | is closed, [L, d]=0.
Lemma 1.1. If : # 0k(M ), then
[L, i(G)] :=| 7 i(G) :&i(G)(| 7:)=(k&m) :.
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Proof. Both L and i(G) are local operators and C(M)-linear. There-
fore we only need to check the case dim M=2, which is trivial. Q.E.D.
Lemma 1.2. [L, d*]=&d.
Proof. Let : # 0k(M ). By identity (1) and Lemma 1.1, we have
[L, d*] :=Ld*:&d*(| 7 :)
=L(d b i(G) :&i(G)(d:))&(d b i(G)(| 7 :)&i(G) d(| 7 :))
=d(w 7 i(G) :&i(G)(| 7 :))&(|7 i(G)(d:)&i(G)(| 7 d:))
=d(k&m) :&(k+1&m) d:
=&d:. Q.E.D.
For any 0k2m, let L*: 0k(M)  0k&2(M ) be the symplectic adjoint
operator of L defined by L*=& V L V .
Corollary 1.3. [L*, d*]=0, [L*, d]=d*.
Proof. Restricting [L*, d*] and [L*, d] to 0k&2(M ), we have
[L*, d*]=(&1)k+1 V [L, d] V =0.
For the second equality, we have
[L*, d]= V (&L V d V + V d V L) V
=(&1)2m&k V [d*, L] V
=(&1)k V d V =d*.
The proof of the following lemma can be found in [B].
Lemma 1.4. Let (M1 , |1), (M2 , |2) be sympletic manifolds of respective
dimensions 2m1 and 2m2 . For :1 a k1 -form on M1 , :2 a k2 -form on
M2 , :1 7 :2 is a (k1+k2)-form on M1 _M2 such that
V (:1 7 :2)=(&1)k1k2 (V1:1) 7 (V2:2)=(V2:2) 7 ( V1:1).
Lemma 1.5. L*=i(G).
Proof. Let (M1 , |1), (M2 , |2) and :1 , :2 be the same as in Lemma 1.4.
We first claim that
L*(:1 7 :2)=L*1:1 7:2+:1 7 L*2:2 (2)
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To prove this, note that |=|1+|2 , by Lemma 1.4, we have
V (:1 7:2)=(V2:2) 7 (V1:1)
therefore
| 7 V (:1 7:2)=V2:2 7 (|1 7 V1:1)+(|2 7 V2 :2) 7 ( V1:1)
Applying Lemma 1.4 again, we have
V (| 7 V (:1 7 :2))=V1(|1 7 V1:1) 7 :2+:1 7 V2(|2 7 2 :2)
Hence the claim follows.
The rest of the proof is an induction on dim(M ). When dim(M)=2,
note that for any 0-form or 1-form : we have
L*(:)=0=i(G) :;
for any 2-form f dp 7 dq, since |=dp 7 dq and G=q 7 p, we have
L*( f dp 7 dq)=& f, i(G)( f dp 7 dq)=& f.
Hence the lemma holds in this case.
When dim(M )>2, without loss of generality, we can assume that M is
the product of two symplectic manifolds (M1 , |1), (M2 , |2) of positive
dimension. Assume that the lemma is true for M1 and M2 . Then, according
to the equality (2), we have
L*(:1 7 :2)=i(G1) :1 7 :2+:2 7 i(G2) :2=i(G)(:1 7 :2).
This completes the induction, and the proof of the lemma. Q.E.D.
We denote 2m0 (m&k) ?k by A, where ?k : 0*(M)  0
k(M ) is the pro-
jection. Combining Lemma 1.1 and Lemma 1.5, we have
Corollary 1.6. [L*, L]=A, [A, L]=&2L, [A, L*]=2L*.
Remark 1.7. We may use Lemma 1.5 as a definition of L* directly. Our
previous definition views L* as the adjoint operator of L with respect to a
non-degenerate bilinear form on 0*(M ) via the symplectic star-operator
and integration over M.
2. The Representation of sl(2) on 0*(M )
Let us first recall some general facts about a representation of sl(2) in a
vector space V, i.e. a Lie-algebra homomorphism \ : sl(2)  gl(V), where V
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is not necessarily finite dimensional. For any B # sl(2) and v # V, we denote
\(B) v by Bv. Let X, H, Y be the standard basis of sl(2); we have the
following relations:
[X, Y]=H, [H, X]=2X, [H, Y]=&2Y.
If v # V is an eigenvector of H with eigenvalue *, then Xv and Yv are also
eigenvectors of H with eigenvalues *+2 and *&2 respectively. A vector
v # V is said to be primitive if v is an eigenvector of H and Xv=0.
For the case that V is a finite dimensional vector space, we summarize
the well-known results on an sl(2)-representation in the following lemma.
Lemma 2.1. (See [G])
1. V can be written as the direct sum of irreducible sl(2) submodules.
2. Suppose V is irreducible and v # V is primitive. If dim V=n+1,
then V=[v, Yv, Y2v, ..., Ynv]. Furthermore, v is an eigenvector of H with
eigenvalue n, and Ykv is an eigenvector of H with eigenvalue n&2k,
0kn.
3. Let Vk be the eigenspace of H with respect to eigenvalue k. Then
Yk: V&k  Vk , and Xk : Vk  V&k
are isomorphisms.
To generalize the above results to an infinite dimensional sl(2)-represen-
tation, we need the following definition.
Definition 2.2. Suppose sl(2) acts on V, where V is in general an
infinite dimensional vector space. We say that V is an sl(2)-module of finite
H-spectrum if the following two conditions are satisfied:
1. V can be decomposed as the direct sum of eigenspaces of H.
2. H has only finitely many distinct eigenvalues.
From now on, we always assume that V is an sl(2)-module of finite
H-spectrum.
Lemma 2.3. Let v # V be an eigenvector of H, and let W=(v) be the
sl(2)-module generated by v. Then W is a finite dimensional vector space.
Proof. It suffices to show that W, as a vector space, is spanned by the
set [v, YiX jv | i, j=0, 1, 2, ...], because it is a finite set. This can be seen by
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the following formula which can be derived by a straightforward computa-
tion,
XYkv=YkXv+k(*&k+1) Yk&1v
where * is the corresponding eigenvalue of v. Q.E.D.
In what follows, we shall list a number of consequences of the lemmas
above.
Corollary 2.4. All eigenvalues of H are integers.
Corollary 2.5. Yk : Vk [ V&k and Xk : V&k [ Vk are isomorphisms
(k0).
Corollary 2.6. Let Pk=[v # Vk | Xv=0]=[v # Vk | Y k+1v=0], i.e.
the set of primitive elements in Vk . Then we have the following decomposi-
tions.
1. Vk=Pk Im Y.
2. Vk=Pk YPk+2 Y2Pk+4  } } } YrPk+2r(k0); and
3. V&k=Y kPk Yk+1Pk+2  } } } (k>0).
For more results on sl(2)-representations, we refer the reader to [Bo].
Now let us give a representation of sl(2) on 0*(M) by sending
X  L*, Y  L, H  A.
Note that the eigenspace of A with eigenvalue (m&k) is 0k(M ). Following
Corollary 1.6, we see that 0*(M ) is an sl(2)-module of finite H-spectrum.
Corollary 2.7 (Duality on Forms).
Lk : 0m&k  0m+k
is an isomorphism.
Proof. This can be proved either by linear algebra or directly by
Corollary 2.5. Q.E.D.
Corollary 2.8. L : 0m&k&2  0m&k is injective, for k=&1, 0, 1, 2, ...,
m&2.
We define a form : # 0*(M) to be harmonic if and only if d:=0 and
d*:=0. Let H khr(M ) denote the space of all the harmonic k-forms, and let
H*hr(M )=2mk=0 H
k
hr(M). Then, by our discussion in section 1, we see that
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H*hr(M ), as a subspace of 0*(M), is an sl(2)-submodule. Of course,
H*hr(M ) is also of finite H-spectrum. Thus, according to Corollary 2.5, we
have the following consequence.
Corollary 2.9 (Duality on harmonic forms).




Let H khr(M )=H
k




hr(M ) is a subgroup of
Hk(M ). So on any symplectic manifold, its deRham cohomology H*(M )
contains a harmonic subspace H *hr(M ).
3. Proof of Theorem 0.1
Now we are ready to complete the proof of Theorem 0.1.
Proof. (a) O (b). Consider the following commutative diagram,
H m&khr (M ) ww




where the two vertical arrows are surjective. It follows from Corollary 2.9
that the second horizontal arrow is also surjective.
(b) O (a). Now we assume that Lk : H m&k(M )  H m+k(M) is surjec-
tive for all km. First we claim that
Hm&k(M )=Im L+Pm&k
where Pm&k=[: # H m&k(M ) : Lk+1:=0]. (If M is compact, this is a
direct sum.)
To prove this, note that for any : # Hm&k(M ), there exists ; #
Hm&k&2(M) with Lk+1:=Lk+2;. Therefore :&; 7 | # Pm&k , which
implies that
:=(:&; 7|)+; 7 | # Im L+Pm&k
and the claim follows.
The rest of the proof is an induction on the degree of cohomology classes
on M. It is easy to see that any 0-cocycle and 1-cocycle are harmonic
forms. We suppose that when r<m&k, any class ; # Hr(M ) contains a
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harmonic cocycle. We need to show that any class in Hm&k(M ) also con-
tains a harmonic cocycle. By induction, we already know that any class in
Im L contains a harmonic cocycle. So it sufficies to show that any
cohomology class v # Pm&k contains a harmonic cocycle.
Let v=[z], z # 0m&k(M ) is a closed form. Since [v7 |k+1]=0 in
Hm+k+2(M), there exists # # 0m+k+1(M) such that z 7|k+1=d#. Since
Lk+1: 0m&k&1(M)  0m+k+1(M ) is onto we can pick % # 0m&k&1(M )
such that #=% 7 |k+1. Then (z&d%) 7 |k+1=0. Thus, if we write w for
z&d%, then [w]=[z]=v and Lk+1(w)=0. Hence w is primitive and
closed. According to Corollary 1.3, w is harmonic. This completes the
proof. Q.E.D.
Following the proof of Theorem 0.1, we have
Corollary 3.1. Let M be a symplectic manifold and k=0, 1, 2. Then
any cohomology class in H k(M) contains a harmonic representative.
Corollary 3.2. A cohomology class in H2m&1(M ) contains a harmonic
cocycle if and only if it is in the image of Lm&1: H 1(M )  H 2m&1(M ).
Remark 3.3. In [M] Mathieu constructed a four dimensional closed
symplectic nilmanifold which does not satisfy the Lefschetz theorem.
Benson and Gordon [BG] proved that the Lefschetz theorem fails for any
symplectic structure on a nontoral nilmanifold. (See also [FGG], [H].) In
particular, the KodairaThurston [KT] surface serves as a counter-
example to the Brylinski’s conjecture.
A simply-connected counterexample is due to D. McDuff [Mc]. Her
construction is as follows. First embed the KodairaThurston surface in
CP5, and then blow up CP5 along the embedded surface. The resulting
manifold is a simply-connected, closed symplectic manifold which doesn’t
satisfy the Lefschetz theorem.
R. Gompf constructed many closed symplectic manifolds which do not
satisfy the Lefschetz theorem in [Gm] recently.
For the noncompact case we give a simple counterexample here. Let
M=R2m&[0] with the standard symplectic structure induced from R2m. It
is clear that [|]=0 and H 2m&1(M )=Z. Therefore Lm&1: H1(M ) 
H2m&1(M ) is trivial, and it is certainly not surjective.
4. An Application
In this section, we give a solution to the following question raised by
Boris Khesin and Dusa McDuff.
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Question. On which compact manifolds M, does there exist a family
|t of symplectic forms such that the dimension of H khr(M) varies?
Here we only study the case of compact symplectic 4-manifolds. It
follows from Corollary 3.1 that dim H khr(M )=dim H
k(M) provided that
k{3. Therefore the question is reduced to the existence of a family |t of
symplectic forms such that b 3=dim H 3hr(M ) varies.
We first give some examples of closed 4-manifolds which do not admit
such a family of symplectic forms.
Example 4.1. Let M be a closed simply connected 4-manifold, then
b 3=0.
Example 4.2. Let M be a closed 4-manifold with the first Betti number
b1(M )=1. Using Poincare duality, we can show that the cup product
pairing H1(M )H 2(M)  H3(M ) is zero. Therefore, by Corollary 3.2, we
have b 3=0.
Example 4.3. If the second Betti number b2(M )=1, then b 3 is an even
constant number by Corollary 3.2. ( Compare with Corollary 4.5).
Example 4.4. If M is a closed four dimensional nilmanifold, it follows
from the discussion in [FGG] that the first Betti number of M satisfies
2b1(M )4. Furthermore, by Corollary 3.2, it is not hard to check that
b 3 is independent of any symplectic structure chosen. In fact, we have the
following result:
1. if b1(M )=2, then b 3=0;
2. if b1(M )=3, then b2(M)=2 or 4; for b2(M)=2, b 3=0; for
b2(M )=4, b 3=2;
3. if b1(M )=4, i.e. M=T 4, then b 3=4.
We give several equivalent conditions on the existence of a family |t of
symplectic structures such that b 3 varies.
Proposition 4.1. The following assertions are equivalent:
1. There exists a family |t of symplectic forms such that b 3 varies.
2. There exist two symplectic forms |1 , |2 such that Im L|1 {
Im L|2 , where L|i is the Lefschetz map with respect to |i (i=1, 2).
3. There exists a symplectic form | on M and a class c # H2(M ) such
that Im Lc/3 Im L| .
4. There exists a symplectic form | on M such that Im L| is not equal
to the image of the cup product pairing H1(M )H 2(M )  H3(M).
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The proof of the above proposition is straightforward, we omit it here.
The following corollary is an immediate consequence of the above
proposition.
Corollary 4.2. Let (M4, |) be a compact symplectic 4-manifold
satisfying the following two conditions:
1. The cup product pairing H1(M )H 2(M )  H3(M ) is nontrivial.
2. The Lefschetz map L[|] : H1(M )  H3(M ) is trivial.
Then there exists a family |t of symplectic structures with |0=| such that
the dimension of H 3hr(M ) varies.
By Proposition 4.1, any closed Ka hler 4-manifold serves as an example
satisfying the condition in the question above if it admits a symplectic form
| ( distinct from the Ka hler form ) such that the Lefschetz theorem fails
with respect to |.
To give examples satisfying the two conditions in Corollary 4.2, we need
the following definition.
Definition 4.3. ( See [JR]) Let G be a discrete group. A skew struc-
ture on G is a skew bilinear form
( , ) : H1(G, R)_H1(G, R)  R
which factors through the cup product, that is, for some linear map
_ : H 2(G, R)  R, (a, b)=_(a _ b), where a, b # H 1(G, R).
We note that if G is the fundamental group of a closed Ka hler manifold,
then G admits a nondegenerate skew structure (see [JR] for details).
The following proposition shows that there exist many closed symplectic
4-manifolds which satisfy the two conditions in Corollary 4.2.
Proposition 4.4. Let G be any finitely presentable group which admits
a nontrivial skew structure. Then there is a closed, symplectic 4-manifold
(M, |) with ?1(M)=G such that the following two conditions are satisfied:
1. the Lefschetz map L[|] : H1(M )  H 3(M ) is identically zero;
2. there exists a class c # H2(M ) such that the map Lc : H 1(M ) 
H3(M ) is nontrivial.
Proof. According to Gompf [Gm], there exists a closed symplectic
4-manifold (M, |) with ?1(M )=G such that assertion (1) holds.
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To prove assertion (2), note that there is a natural map f : M  K(G, 1)
such that the induced homomorphism
f *: H*(G, R)  H*(M, R)
is an isomorphism in dimension 1 and injective in dimension 2. Let ( , )
be a nontrivial skew structure on G and _ be the corresponding functional
on H2(G, R). Since H 2(G, R) is a subspace of H2(M, R), _ extends to a
functional _~ on H2(M, R). By Poincare duality, there exists a class
c # H2(M, R) such that
_~ (a)=(a 7 c, [M])
where a # H2(M, R) and [M] is the fundamental class of M. Since ( , ) is
nontrivial on H1(G, R) and f *: H1(G, R)  H1(M, R) is an isomorphism,
the map Lc : H1(M )  H 3(M) is nontrivial. Q.E.D.
Let (M4, |) be any closed symplectic 4-manifold. Let b be the dimension
of the image of the cup product pairing H1(M )H2(M )  H3(M ). Then
there exists a symplectic form |$ (close to but in general distinct from |)
such that dim Im L[|$]=b. On the other hand, for any skew structure ( , )
on G, we have rank ( , )b. Let ( , ) 0 be the skew structure on G
induced by L[|$] , we have rank ( , ) 0=b. Therefore b must be an even
number. Similarly, b 3(|) is also even for any symplectic form |. This may
be viewed as an analog to the fact that the first Betti number of a closed
Ka hler manifold is even. We summarize the above arguments in the fol-
lowing corollary.
Corollary 4.5. b and b 3 are even numbers.
For higher dimensional closed symplectic manifolds, it is not clear how
to answer the question at the begining of this section.
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